The whole process for the simulation of active helicopter blades is presented. First, the helicopter blade model is introduced consisting of a structure, aerodynamic, actuation and sensing model. For simulation and analysis purposes, the blade model is discretized in space using a Galerkin approach. The resulting nonlinear model of high order is reduced using normal modes. Finally, a nonlinear controller is obtained by canceling the nonlinearities and applying an energy optimal LQR design to the resulting linear plant.
I. Introduction
Active structures have the potential to outperform conventional structures in many ways. In the case of helicopter blades, active structures can overcome the compromise between vibration and weight reduction.
1, 2
This potential has been investigated in tests of the Active Twist Rotor (ATR) blade that has been built in a joint program between NASA Lengley, Army Research Office and MIT. The same rotor blade is used for the simulations presented in this paper, showing purely theoretical results. The present paper is a continuation of the results from Traugott et al. 3 dealing with the nonlinear dynamic solution and control design of active helicopter blades. Following are the significant new developments:
• Structural dynamic modeling based on a nonlinear Galerkin approach which is more efficient ? as compared to FEM • A nonlinear model order reduction technique is used to derive a low-order, high fidelity nonlinear blade model for control design
• Nonlinear control design
The paper is organized as follows: In section II the blade model is introduced and space discretized in section III. Modal analysis is performed in section IV, whereas the calculated normal modes are utilized for order reduction in section V. The control design is discussed in section VI and the paper is finished with a conclusion in section VII.
II. Blade Model
Considering important aspects of active helicopter blade dynamics, physical models of different domains have to be merged together. The four models set up are describing the structural dynamics, the aerodynamics, the actuation and the sensing of the helicopter blade. The structure and aerodynamic model are of nonlinear nature. The presented models are not derived as they are taken from other referred publications.
A. Structural Model
In order to calculate the dynamics of the helicopter blade at low computational costs, a nonlinear beam model developed by Hodges 4, 5 is used. This model takes advantage of the one dimensional characteristics of a helicopter blade and is a better choice compared to 3-D finite-element analysis. 6 It covers a beam undergoing large deformation and small strain. The beam formulation is intrinsic, i.e. neither displacement nor rotation variables appear in the beam equations. The intrinsic formulation is very compact and furthermore applicable for general beams (anisotropic, non-uniform, twisted and curved).
The measure numbers of the variables in the beam model are calculated in the deformed frame (B-frame). This B-frame is orthogonal and defined by the cross section of the deformed beam, see figure 1. The B 2 -axis and the B 3 -axis lie in the cross-section with the B 1 -axis defined by B 1 = B 2 × B 3 . The intrinsic equations (1) where ( ) denotes the derivative with respect to the beam reference line and( ) denotes the absolute time derivative. F and M are the measure numbers of the internal force and moment vector (generalized forces), P and H are the measure numbers of the linear and angular momentum vector (generalized momenta), γ and κ are the beam strains and curvatures (generalized strains), V and Ω are the linear and angular velocity measures (generalized velocities). The external forces and moments due to aerodynamic effects are f aero , m aero and due to disturbances f dist , m dist respectively. k = k 1 k 2 k 3 is the initial twist/curvature of the beam and e 1 = 1 0 0 T . The tilde operator transforms a vector a to a matrix a so as to effect a cross product when left-multiplied to the vector b, i.e., ab = a × b.
The intrinsic beam equations provide four vector equations for eight vector unknowns (F , M , P , H, γ, κ, V , Ω). In order to complete a solvable set of equations, four more vector equations are needed. Two equations relate the generalized forces (F , M ) and the generalized strains (γ, κ) via the beam cross-section stiffness matrix. The beam cross-section inertia matrix leads to the relation between the generalized momenta (P , H) and the generalized velocities (V , Ω). Both relations are the constitutive equations for an active beam and derived from cross-sectional analysis.
where R, S and T are the cross-sectional flexibilities and F A , M A are generalized forces induced by the active elements. The cross-sectional flexibilities and the induced generalized forces can be obtained by conducting active cross-sectional analysis using the theory of Patil and Johnson 7 (for thin-walled beams) or Cesnik and Palacios 8 (for general configuration). The inertia matrix has the following components:
where µ, ξ, i 2 , i 3 , i 23 are the mass per unit length, mass center offset and the three cross-sectional mass momenta of inertia per unit length.
B. Aerodynamic Model
For basic aeroelastic effects, a quasi-steady 2-D aerodynamic model, 9 based on a finite-state airload model 10 is used, neglecting wake and apparent mass effects. The aerodynamic loads f aero and m aero in (1) are calculated using
where( ) denotes a variable measured at mid-chord and( ) denotes a variable measured at quarter-chord. ρ is the air density and b the semi-chord. Moreover, one can see from figure 2 thať
After inserting (5) into (4), the new equations can be written in terms of V and Ω as Figure 2 . General velocities and aerodynamic forces in the blade profile 
C. Actuation Model
The actuation of the ATR helicopter blade is provided by active fiber components (AFC) that are distributed over six segments, see figure 3 . In each segment, four active fiber component layers can be controlled independently, applying constant generalized forces F A and M A that are induced in the blade structure, see (2) . The generalized active forces are linearly related to the applied voltages.
where u u is the applied voltage vector for one blade segment consisting of four voltages. E and F are constants relating the applied voltage to the active generalized strains which are transformed to the active generalized forces via the cross-section stiffness matrix. 
D. Sensing Model
The helicopter blade used in this work is equipped with 5 equidistantly distributed sensors measuring the generalized strains γ and κ along the blade reference line. Common sensors relate the generalized strains linearly to the voltage outputs.
where y y denotes the measured voltages. O and P relate the sensed voltages to the generalized strains γ and κ. Without loss of generality, the sensor matrices are simplified to O = I and P = I, whereas I ∈ R 3×3 is the identity matrix.
III. Galerkin Discretization
The helicopter blade model equations (Eq. (1), (2), (6), (8) , (9)) form a solvable set with V , Ω, κ and γ as unknowns. For simulation and analysis purposes, this equation set is discretized with respect to space. Unlike the most common FEM approach, the helicopter blade model is discretized using a Galerkin approach.
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By using special weighting functions in the Galerkin approach presented here, the approximated solution fulfills the law of energy conservation if no active elements are modeled.
? If active elements are used the law of energy conservation can only be fulfilled approximately. Additionally, the boundary conditions of the model are included in the Galerkin approach. This results into a solution considering the blade model and its boundary conditions in a mixed sense.
A. Brief Introduction to Galerkin Discretization
For readers who are not familiar with the Galerkin approach, a brief introduction is presented in this subsection. Given is a partial differential equation where the time and space dependent variable w(x, t) is approximated by a time and space separation.
Despite the fact, that the right equation in (10) is not equal to zero, it is demanded that for each k, the integral of (10) weighted by Ψ k (x) has to be zero.
The final equations (11) 
B. Energy Optimal Weighting
In this subsection, the physical interpretation for a special choice of weighting functions for the Galerkin discretization of the blade model is given. Therefor, the unknown variables (V , Ω, κ and γ) are not approximated using comparison and time functions as this procedure does not contribute to the physical insight. Without loss of generality, the boundary conditions of the blade are chosen to constrain the generalized velocities at the root (x = 0) and the generalized forces at the tip (x = L) of the beam. Consider the following weighted sum of all the differential equations from (1) and its boundary conditions
where, V 0 and Ω 0 are the exact linear and angular velocities at the root, while F L and M L are the force and moment at the tip. Note, that the external forces due to aerodynamic effects and disturbances in (12) are summarized as f and m for simplicity reasons. After integrating by parts and simplifying Eq. (12) we havė
where the variables are defined in table 1. Equation (13) states the law of energy conservation if P act * = 0 (passive beam). The energy conservation cannot be extended to active beams as P act * is an approximation of the exact power P act generated by the active elements.
In order to calculate the power of the beam actuators P act in (14) exactly, the number of comparison functions of the Galerkin approach has to approach infinity. In this case (1) is fulfilled anyway and consequently the law of energy conservation. However, the error of the energy conservation in (13) is caused by the active elements only. If other weighting functions than in (12) would be used, the energy error is most likely caused by all values of table 1. For this reason, the weighting functions used in this work provide the best known solution in terms of energy conservation to the best knowledge of the authors. 
Change of kinetic energyṪ =
L 0 V TṖ + Ω TḢ dx Change of potential energyU = L 0 (F + F A ) Tγ + (M + M A ) Tκ dx External power P ext = L 0 V T f + Ω T m dx Boundary power P bou = V (L) T F L + Ω(L) T M L − F (0) T V 0 − M (0) T Ω 0 Estimated actuation power P act * ≈ L 0 F A Tγ + M A Tκ dx
C. Comparison and Weighting Functions
The Galerkin discretization is performed according subsection A. The unknown variables are approximated according table 2 by comparison and time functions. Note, that a mixed matrix/tensor notation is used (the dimensions are given in the last row of table 2) and that all variables have a common time function q(t). The advantage of the common time function is that the whole discretized blade model can be written in a single equation. The weighting functions for the Galerkin approach are basically chosen as shown in (12) . Note that the weighting functions in (12) are replaced by their space dependent part only to be able to apply the Galerkin approach, e.g. V (x, t) is replaced by Φ V l (x). The correctness of this replacement according to the energy conservation is shown exemplary for the first intrinsic equation
In this work, the comparison functions for each variable and each direction are chosen identically. Due to numerical performance, orthogonal shifted Legendre functions [12, pp. 332-357] have been used.
where I is a 3 × 3 identity matrix andx is the normed coordinate of the beam reference line (x = x L ). After applying the Galerkin approach to Eq. (12) and discretizing the measurement equation, the beam model has the following form written in matrix/tensor notation 
The exact values of the tensors in (17) and (18) are given in appendix A.
IV. Modal Analysis
In order to get an insight into the behavior of the helicopter blade specified in appendix B, the steady state, natural frequencies and natural modes (free vibration modes) are calculated. The steady state solution q 0 i of the helicopter blade with boundary conditions specified in (12) and frequencies and modes are obtained from the non-disturbed (f k = 0, m k = 0), passive (u u = 0), linearized blade modelÂ
The free vibration solution (fvs) of (19) is
where c l is the constant depending on the initial conditions, n il are the eigenvectors and λ l the eigenvalues of (19).() denotes conjugate complex values. T il = [n ilnil ] consists of the eigenvector elements n il and the conjugate complex eigenvector elementsn il . Inserting (21) into table 2 yields the natural modes of V , Ω, γ and κ in table 3. Note, that the c l are chosen in a way that the elements in T il are real. 13 The natural frequencies of the helicopter blade are presented in table 4, where they are compared to results from the simulation tool NATASHA and to the purely structural model (no aerodynamics). For the aeroelastic and the structural model, 20 Legendre functions have been used. One can see that the aerodynamics is mainly adding damping and reducing the frequency of the 1 st bending mode. The dominant natural modes are shown in figure 5 . In the following an order reduction using the calculated natural modes is presented. Table 4 . Natural frequencies of aeroelastic and structural models
V. Model Reduction
Along with the discretization in section III results a model (17) of high order whereas the order depends on the number of chosen comparison functions. As both, the accuracy and the computational costs of time marching simulations are increasing with the number of comparison functions, one has to compromise. A possibility to avoid a compromise is by finding comparison functions that capture the dynamics in a better way than previously chosen ones. The model order reduction follows this approach by taking improved and less comparison functions to reduce the system order without loosing accuracy.
One choice of comparison functions that capture the linear dynamics as well as the primary nonlinear couplings are the natural modes of the system linearized at the steady state. In order to improve the nonlinear prediction of the linear modes, perturbation modes 14, 15 have also been investigated. Although perturbation modes showed a better performance regarding the tracking of natural frequencies, they falsified the blade damping significantly. For this reason, natural modes are exclusively used for order reduction. Note, that another advantage of the natural modes is that the resulting reduced model has the same, but less natural frequencies and modes at the linearization point. Furthermore, the steady state solution is included in the new approximation of the model variables. Advantages are that the quality of the steady state is not affected by the order reduction and that the new steady state q 
whereas
where, ( ) 0 denotes a the steady-state solution. Since the modal expansion calculates motion relative to the nonlinear steady state, the steady state solution of the transformed system is always q 0 r = 0. The reduced nonlinear system is the basis for low-order analysis as well as for control design. As A tr is invertible, the state space formulation of (22) 
VI. Control Design
The control design takes advantage of the high fidelity and low order of the reduced blade model (24). One benefit of the reduced model is, that the state variables can be directly obtained from the measurements, if umodeled frequencies can be perfectly filtered in the measurement signal. The knowledge of the state is utilized to cancel the nonlinearities at reasonable computational costs due to the low model order. Finally, an energy optimal LQR design of the obtained linear model is performed. The resulting system is guaranteed stable and energy optimal with respect to the resulting linear system.
A. State Extraction
Based on the good performance of the highly reduced blade model in section V, the number of natural modes for the order reduction can be chosen smaller than 15. This allows to calculate the left pseudo inverse of the measurement matrix M yr ∈ R m×n as m > n which is used to obtain the state vector q r from (24).
It has to be emphasized, that the state extraction shown here is not working for real world implementations. This has been tested by simulating the state extraction where the measurement signal of a high order blade model has been filtered and afterwards been multiplied by the pseudo inverse in (26). Slightly better results could be obtained by a state space observer, when the observer gain is chosen small. However, as the estimation of the state is unsolved for real helicopter blades, the controller is designed and tested for a reduced helicopter blade model. In the next subsection, the extracted state is used to cancel the nonlinearities in the blade model.
B. Eliminating Nonlinearities
The nonlinearities of the blade model are eliminated by defining the new controller output variable v. The actuator voltage u is calculated with the new input variable v as
Inserting (27) into (24) yields a linear plant where the measurement equation is omitted due to state space extractionq
When implementing (27) in a real environment, one has to think of whether reducing the model to a degree that the inverse can be calculated in sufficient small time steps or to build a LQR controller for a higher order model without canceling the nonlinearities. Another point is the calculation of the inverse. One could think of precalculating the inverse symbolically or calculating it for each time step. It may also be possible to approximate the inverse as it is done e.g for Quasi-Newton methods in optimization.
C. LQR Design
Because of the known state q of the obtained linear plant (28), an energy optimal least square regulator (LQR) controller 16 is designed. The cost function determining the LQR of (28) is
where Q ≥ 0 and R > 0 are weighting matrices. Q is weighting the error of the controlled system as q = 0 is desired and R is weighting the control effort. As the piezo actuators are reducing mechanical energy so that electrical energy is produced and not consumed, the control effort can be weighted very low. Without loss of generality, R is chosen to be identity (R = I) and Q is chosen as
where the comparison functions are written in matrix notation. After inserting (30) into q T Qq of (29) one receives
() * denotes variables measured from the steady state, e.g. V * ≈ Φ V Tq, whereas V ≈ Φ V (Tq + q 0 ). Consequently, T * and U * denote a pseudo kinetic and potential energy of the blade. If the steady state solution is zero (q 0 = 0), T * = T and U * = U are the physical kinetic and potential energy. Equation (29) can be written with (31) and neglecting the approximation error as
The compromise between the blade energy minimization and the minimization of the control effort v can be adjusted by the single parameter α. The gain matrix of the resulting state feedback controller is denoted by
The performance of the controlled blade is presented in the following subsection.
D. Results
The control design is tested with a reduced model using the first 6 normal modes which has been proved accurate enough in section V. The value for α has been chosen to 10 table 6 . Note, that the controlled system is linear if the nonlinearities are perfectly canceling and the actuation saturation is not reached. It is also pointed out, that the controlled frequencies do not only depend on α, but on the order of the reduced model, too. This is because the control strategy may switch if there are strategies with similar cost functions so that e.g. additional modes privilege another strategy. In order to show the effect of the controller, it has been tested in a simulation, where the controller has been switched on after 0.5 seconds. One can see a considerable decrease of the blade energy shortly after the controller is switched on in figure 8 . Other plots in figure 9 show the effect of the controller to the generalized velocities and strains measured from the steady state. As the generalized strains have their maximum values at the root, they have been measured from there. The same holds for the generalized velocities that are observed at the tip. The only value that is not improving is Ω can be obtained, the possibility of canceling out the blade nonlinearities has been addressed. Finally, an energy optimal LQR design has been performed that provides additional damping for the helicopter blade. Future work has to deal with the challenging estimation of the state variables as standard observer design fails due to unmodeled dynamics.
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where I is a 3 × 3 identity matrix. The abbreviations used for the Legendre functions are The tensor calculating the aerodynamic force and moment is
The actuation for constant cross-section is determined by 
